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4.1 Intr oduction

Therearemany statisticalmethodsof trackingsingleandmultiple targets; this manuscriptwill fo-
cuson thestateestimationproblem. Ideally, a generalizationof the recursive Bayesnon-linearfilter
would trackandresolve thestate(s)of singleor multiple targets,but thatis currentlycomputationally
intractable.TheProbabilityHypothesisDensity(PHD) makesthetrackingproblemcomputationally
feasibleby propagatingonly the first-ordermulti-target statisticalmomentsby usinga particlefilter
implementationfor thePHD.Theproblemthenbecomesoneof estimatingthetargets’statebasedon
theoutputof thePHDwhenusinga particlefilter implementation.

This paperdescribesoneheuristicmethodfor obtaininga stateestimatorfrom thePHD. Theap-
proachusedin this paper, basedon the Expectation-Maximization(EM) algorithm,views the PHD
distribution asa mixture distribution, and the particlesasan i.i.d. samplingfrom the mixture dis-
tribution. Using this, a maximumlikelihoodestimatorfor the parametersof the distribution canbe
generated.TheEM seemsto work fairly well, particularlywhentargetsarewell spaced.

4.2 ProblemDescription

Theproblemis oneof trackingandidentifyingafinite setof multipletargetsby meansof datacollected
from a setof multiple sensors.Themotionof eachtarget is modelledasa discretetime, continuous
spaceMarkov process;it is alsoassumedthattargetsmoveindependently. Theexactnumberof targets

1LockheedMartin
2WashingtonStateUniversity
3Universityof Alberta
4ClaremontGraduateUniversity
5New Jersey Instituteof Technology

61



62 CHAPTER4. TRACKING AND IDENTIFYING OF MULTIPLE TARGETS

is unknown andmay changewith time dependingon the correspondingbirth/deathmodel. At each
time step

¿
, theobservations �&%¡ �i�i�i�d� �&%' aregatheredfrom thesensorsuite. Theseobservationsare

affectedby clutter;theamountof clutteris modelledusingaPoissondistribution.
The PHD is a computationallyefficient meansof solving the trackingproblem;however, it does

not provide an estimateof the targets’ states.Our approachfor solving this part of the problemis
describedin section4.4.

4.3 TargetTracking and the PHD

Considera single-sensor, single-target problem. Let ( % be the target statevariableat time step
¿
,

and ò % the observation at time step
¿
. Assumethat ( % is a Markov processwith initial distribution) Óv² ( Ó!´ andtransitionequation) % ç ¡�* %
² ( % ç ¡ o ( %

´
. Also assumethattheobservationsò % areconditionally

independentgiven the process( % andof marginal distribution ) ² ò % o ( %
´
. In this case,the recursive

equationsfor theposteriordistributioncanbewrittenas
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² ( % ç ¡ o+� %

´
) ² ò % ç ¡ o ( % ç ¡

´ ) % ç ¡�* %
² ( % ç ¡ o,� %

´ � ( % ç ¡
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where6 � % �.-Hò ¡ ���i�i����ò %
/
. Thetargetstateestimatorscanbegivenby

0( ' æ�1% ç ¡�* % ç ¡ �32�4658769;:� ) % ç ¡�* % ç ¡
² ( o,� % ç ¡ ´ � 0(=< æ�1% ç ¡�* % ç ¡ � ( ) % ç ¡�* % ç ¡

² ( o,� % ç ¡ ´ � ( �

where
0( ' æ�1% ç ¡�* % ç ¡ and

0( < æ;1% ç ¡�* % ç ¡ aretheBayes-optimalmaximuma posterioriandexpecteda posteriori
estimators,respectively.

The generalizationof the above equationsfor the multiple-sensor, multiple-target systemis not
quite obvious. The target stateis not just one randomvectoranymore. The numberof targets,as
well as their positions,velocities,identities,etc.,areall unknown andshouldbe treatedasrandom
variables. To dealwith this, the tool of finite-setstatistics(FISST)canbe used. It is basedon the
following ideas[1]:

> Introduceanotionof asingle“global sensor”thatencompassesthewholesensorsuite.

> Introduceanotionof a “global target” with multi-targetstate? �.- ( ¡ �i�i�i�d� (=@ / .
> Regardthe setof observations, � �A-Hò ¡ ���i�i����òCB / , asa “global measurement”of the “global

target.”

> Usethe multi-sensor/multi-target measurementmodel, which is a randomlyvarying set D �Ï=² ? ´�E Ù ² ? ´ , to modelmulti-targetmulti-sensordata. Here
Ï=² ? ´ denotestargets’ dataandÙ ² ? ´ denotesclutter.

6Conditioningon FHG is by definitionthesameasconditioningon I G �KJMLNFHG�O .
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> Usethe multi-target motionmodel, which is a randomset P % ç ¡ �AQ %
² ?R� �iÈ %

´
, to model the

motionof multi-targetsystems.

Theseideasmake it possibleto reformulatemulti-sensor, multi-targetproblemsassingle-sensor,
single-target problems.The processof reformulationreliesheavily on the notion of the belief-mass
function,which is ageneralizationof theprobability-massfunction(see[2]). TheFISSTmulti-sensor
multi-targetdifferentialandintegral calculusintroducesthesetintegral andthesetderivative, which
areusedto statetheproblemin rigorousmathematicalterms.Omitting all thedetails(in [1] and[2]),
theresultingrecursiveequationsare

) % ç ¡�* %
² ? % ç ¡ o+�

é % ì ´ � ) % ç ¡�* %
² ? % ç ¡ o ? %

´ ) % * %
² ? % o,�

é % ì ´TS ? %
) % ç ¡�* % ç ¡

² ? % ç ¡ o+�
é % ç ¡ ì ´ � ) ² � % ç ¡ o ? % ç ¡

´ ) % ç ¡�* %
² ? % ç ¡ o,�

é % ì ´) ² � % ç ¡ o+U
´ ) % ç ¡�* %

² Uro+� é % ì ´6S U
�

where ? % is a multi-target state, V % * %
² ? % o,�

é % ì ´ is a multi-target posteriordensity, and V ² �ao,U ´ is a
multi-sensor, multi-targetlikelihoodfunction.

Notethattheintegralsin theaboveformulaearesetintegrals,thecomputationof which is veryex-
pensive. Actually, evenin single-targetproblems,therecursiveequationsaretoocomplicatedto calcu-
lateexplicitly. Therefore,someapproximationshouldbefound. It turnsout that,whensignal-to-noise
ratio (SNR)is high enough,thefirst-ordermoment,

0V % * % � (�V % * %
² ò o,�&% ´ � ( , is a goodapproximation

for single-targetproblems.Unfortunately, it is not possibleto usethis straightforwardgeneralization
for multipletargetproblems,becausetheintegral ?WV % * %

² ? o,� é % ì ´TS ? cannotbedefined.Theproblem
is resolvedby usingsomefunction ø thatmapsthestate-set? into avectorspace.Then,thefirst-order
momentis computedindirectlyas

pYX�ø ² P %
´6Z � ø ² ? ´ V % * %

² ? o,� é % ì ´TS ? �
Oneof thepossiblechoicesfor thefunction ø is ø ² P %

´ � S\[M] , where
S\[M]K² ( ´ � ³_^N[M] SB³|² ( ´ . This

makesthefirst-ordermoment,denotedby ` % * %
² ( o+� é % ì ´ , theprobability hypothesisdensity(PHD). It

hasthe propertythat ab` % * %
² ( o+� é % ì ´ � ( is the expectednumberof targetscontainedin the region c

(for further informationaboutthe PHD see[2]). If the SNR andthe signal to clutter ratio arehigh
enough,and the multi-target systemhasa zerocovariance,then the PHD is a goodapproximation
for theunnormalizedmulti-targetposteriordensity, andanexplicit recursive equationcanbederived
for ` % * %

² ( o+� é % ì ´ (see[1]). In general,thetime updateequationdependson themotionmodel,which
normallyincludesbirth anddeathof targets.

` % ç ¡�* %
²ed o+� é % ì ´ � ² � % ç ¡

² ( ´ V % ç ¡�* %
²ed o ( ´ � Ñ % ç ¡�* %

²fd o ( ´B´ ` % * %
² ( o,� é % ì ´ � (

where � % ç ¡
² ( ´ is theprobability thata targetwith a state( at time-step

¿
will disappearat time-step¿ � f , and Ñ % ç ¡�* %

²fd o ( ´ is thePHDof themulti-targetdensityg Ñ % ç ¡�* %
² ? o ( ´ thatdescribesthelikelihood

thata targetwith a state( at time-step
¿

will generateaset? of new targetsat timestep
¿ � f .

Assumingthatthereareno birthsanddeaths,theaboveequationreducesto

` % ç ¡�* %
²fd o,� é % ì ´ � V % ç ¡�* %

²fd o ( ´ ` % * %
² ( o+� é % ì ´ � ( � (4.1)
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Theapproximateformulafor theobservationupdateis

` % ç ¡�* % ç ¡
² ( o+� é % ç ¡ ì ´ih j ^#k ]ml ¨

)on V ² ò o ( ´ ` % ç ¡�* %
² ( o+� é % ì ´p

% ç ¡ ~ % ç ¡ � )Mn V ² ò o ( ´ ` % ç ¡�* %
² ( o,� é % ì ´ � (

�
� ² f � )Mn

´ ` % ç ¡�* %
² ( o,� é % ì ´ � (4.2)

Thus,anapproximationof thedistributionof thewholesetof targetsateachtimestepcanbecomputed
quiteefficiently. Thequestionthenarisesasto how thestateof eachseparatetargetcanbeestimated.
A new approachto this problemwasproposedandis describedin the next sectionalongwith other
existingapproaches.

4.4 StateEstimation and the EM Algorithm

Using the resultsof the previous section,it is assumedthat at time step
¿

the function ` % * %
² ( o+� é % ì ´

is given. Integratingit over the wholespace,the expectednumberof targetscanbe computed.The
questionthenbecomes:how canthis informationbeusedto find thestateof eachtarget?

Oneof the existing approachesis basedon peakdetection. The ideais very simple. Whenthe
expectednumberof targetsis q andthefunction ` % * %

² ( o,� é % ì ´ has q local maxima,it is reasonable
to assumethat targets’ statesarelocatedat the pointswherethosemaximaareachieved (seeFigure
4.1). Therearesomedifficultieswhentargetsarelocatedvery closeto eachother; for example,the
numberof local maximamaybesmallerthantheexpectednumberof targets(seeFigure4.2).

Figure4.1: Expectednumberof targetsis 3, sothetargetsareassumedto belocatedundereachpeak.

Anotherapproachis basedon clusteringalgorithms,which areubiquitousin thepatternrecogni-
tion community. SincethePHD, ` % * %

² ( o,� é % ì ´ , is representedasa setof particles(seesection4.5.2),
it is reasonableto expect that particlesareclusteredaroundeachtarget. Applying a clusteringal-
gorithm, the loci for the targetscanbe computed.Oneof the mostpopularclusteringalgorithmsis
NearestNeighbourClustering.It usuallygivesgoodresults,but thetime neededto constructtheloci
is quadraticin thenumberof particles.Also, non-intuitiveclustersareconstructedin somecases.
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Figure4.2: Expectednumberof targetsis 4, so thereis no naturalway to determinetargets’ statesusingjust
thelocationof therelative maxima.

Thenew approachis basedonthefollowing idea.SupposethatthePHD, ` % * %
² ( o+� é % ì ´ , is amixture

of Gaussiandensitieswith unknown meansandcovariancematrices,i.e.,

` % * %
² ( o+� é % ì ´ �

'
°sr ¡ Å °mt °

² ( o ª ° � DW° ´ � ) ² ( o+u ´ �

where q is the expectednumberof targets, u �v- Å ° � ª ° � DW°
/ '°wr ¡ , and Å ° satisfy

'°sr ¡ Å ° �yx . The
likelihoodof theseparametersgivendata z is

{ ² u=o+z ´ � |
°sr ¡
) ² ()°8o+u ´ �

It is reasonableto expectthat maximizationof the likelihood,usingthe setof particlesrepresenting
thePHDasthedataz , shouldgivethevaluesof theparameters,u�} �~2�4\5���2���� { ² u�o+z ´ , whichwill
provide a goodapproximationfor ` % * %

² ( o+� é % ì ´ . Thenthe means,ª }° , shouldbe goodestimatorsfor
thestatesof targets.

The difficult partof this processis the maximizationof the likelihood. The usualalgorithmsfor
non-linearoptimizationmay not be efficient in this case,sincethe numberof parametersis quite
large. Therefore,theneedfor morerobust techniquesarises.Onesuchtechniqueis theExpectation-
Maximization(EM) algorithm.

4.4.1 Expectation-Maximization Algorithm

Supposethedataz for maximum-likelihoodestimationis incompleteor hasmissingvalues7. Assume
thatthereexistsacompletedataset � � ² z ��� ´ , where � is missinginformation.Let

) ² ò o+u ´ � ) ² ( � d o+u ´ � ) ²fd o ( � u ´ ) ² ( o+u ´
7Sometimesit is convenientto assumethat therearesomemissing(or hidden)parametersto simplify theexpression

for thelikelihoodfunction.
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bea joint densityfunction. Thena new likelihoodfunction is
{ ² u=o,� ´ � { ² u=o,z ��� ´ � ) ² z ��� o+u ´ .

Note that it is a randomvariable,since � is supposedto be unknown and random. So, it can be
assumedthat

{ ² u=o,z ��� ´ � øM��� � ² � ´ for somefunction øo��� � , where z and u areconstantand � is a
randomvariable.

TheEM algorithmconsistsof two steps.

1. Computetheexpectedvalueof thelog-likelihood,i.e.

� ² u � u é °£u ¡ ì ´ � pYX ¹�� 5 ) ² z ��� o�u ´ o,z � u é ° u ¡ ì Z �

where u é ° u ¡ ì are currentparameterestimates,z is the observed data,and � is the random
variablewith respectto which theexpectedvalueis computed.Notethat u is anormalvariable,
so
� ² u � u é ° u ¡ ì ´ is a normalfunctionof u .

2. Maximizetheexpectationcomputedin thefirst stepandfind

u é ° ì �~2�465���2��� � ² u � u é ° u ¡ ì ´ �

Thesetwo stepsare repeateduntil somestoppingcriterion is satisfied. It can be demonstrated
that eachadditionaliteration increasesthe log-likelihood; therefore,the algorithm is guaranteedto
convergeto a local maximumof thelog-likelihoodfunction.

4.4.2 Mixtur e-DensityParameter Estimation

To returnto thestateestimationproblem,recallthatthePHD is supposedto bea mixtureof Gaussian
distributionswith unknown parameters.Thelog-likelihoodfunctionis in this case

¹�� 5 ² { ² u=o,z ´B´ � |
°wr ¡ ¹��

5 ² ) ² ()°�o+u ´B´ � |
°wr ¡ ¹��

5 '
� r ¡ Å

� t ² ()°·o ª � � D � ´ �

Supposethat the data z is incompleteandthat thereexists an unobserveddatum ���- d ° / |°wr ¡ . Letd °�� -�x��i�i�i�d� q / and
d ° � ¿

if the
â Ìe� sample,()° , wasgeneratedby the

¿ Ìe� Gaussiancomponent,
i.e. the componentwith the mean ª % and the covariancematrix D % . Then the expressionfor the
log-likelihoodcanberewrittenas

¹�� 5 ² { ² u=o,z ��� ´B´ � ¹�� 5 ²��1² z ��� o�u ´�´ � |
°sr ¡ ¹��

5 ²
�=² ()°8o d ° ´B�=²ed�´�´ � |
°wr ¡ ¹��

5 ² Å=�T� t
² ()°·o ª �T� � D �T�

´�´ �

Obviously, theproblemis thatvaluesof � areunknown. Assumingthat
d ° arerandomvariables,it is

possibleto applytheEM algorithm.Let u�� � ²
Å � ¡ �i�i�i�d� Å �' � ª � ¡ �i�i���d� ª �' � D � ¡ �i�i����� D �'

´
besomeguess.
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Omitting a few details(whichcanbefoundin [3]) theexpressionsfor u � ç ¡ are

Å �
ç ¡¤ � x

t |
°wr ¡
) ² ã o ()° � u � ´

ª � ç ¡¤ � |°wr ¡ ()° ) ² ã o ()° � u � ´
|°sr ¡ ) ² ã o ()° � u � ´

D � ç ¡¤ � |°wr ¡ ) ² ã o ()° � u � ´!² ()° � ª �
ç ¡¤ ´!² ()° � ª �

ç ¡¤ ´ ê
|°wr ¡ ) ² ã o ()° � u � ´

�

where ) ² ã o ()° � u � ´ � Å �¤ t
² ()°·o ª �¤ � D �¤ ´'

% r ¡ Å �% t
² ()°·o ª �% � D �%

´ �
Only somedistributionsallow derivationof analyticexpressionsof u � ç ¡ , andtheGaussiandistribution
is oneof these. In general,somenumericalprocedureshouldbe usedto maximizethe expectation� ² u � u � ´ . Using the above formulaeandsomereasonablestoppingcriterion, the estimatesfor the
targets’states,ª }¤ , ã���xd�i�i�i�d� q , canbefoundefficiently at eachtime step.

4.5 Numerical Simulation

To testthestateestimationmethodbasedon theGaussianmixtureassumptionandtheEM algorithm,
severalnumericaltestsweredone.Themodelusedfor thetestswasa racingcarmodel,andthePHD
methodwasimplementedusingasimpleparticlefilter.

4.5.1 Model

Supposecarsareracingon a circle of length
�

with velocitiesin the range X � Ñ � � Ò
Z=E X Ò � Ñ Z , where

thesign definesa directionof motion. The initial positionsandvelocitiesof thecarsaredistributed
uniformly on intervals X�� � � ´ and X � Ñ � � Ò

Z�E X Ò � Ñ Z , respectively. Themotionof thecarsis describedby

( % ç ¡ � ( % � � % �� % ç ¡ � ² � % � t
² � � n mÁ ´B´!² � ð ² ) ´ � x

´ �
where( % is apositionof acarat timestep

¿
, � % is thevelocityof acarat timestep

¿
, t ² � � n mÁ ´ denotes

Gaussiannoisewith avariancen mÁ , and ð ² ) ´ is abinomially distributedrandomvariable(ateachtime
step,it is x with probability ) and � with probability x � ) ). Sincethe track is a circle, whena car
crossesoneof theboundaries(i.e., its positionbecomesgreaterthan

�
or lessthan � ) it continuesits

motionfrom anotherboundary. Also notethatthis motionmodelis highly non-linear, sincevelocities
randomlychangenotonly in magnitudes,but alsoin directions.

Theobservationpartof themodelis definedasfollows: Theprobabilityof observinga target(car)
is
� n , theamountof clutterhasPoissondistributionwith amean

p
, andtheclutteritself is distributed

uniformly on theinterval X+� � � ´ . Theobserveddatais

ò % � ( % � t
² � � n m� � ´ �
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where t ² � � n m� � ´ is Gaussiannoisewith a variancen m� � . To simplify computations,thereis alsoa no
births,nodeathsassumption.

Thecomputationsweredoneusingthefollowing valuesfor theparameters.Thelengthof thetrack,� �Ax ��� ; velocitiesareconfinedto the range X � �H� � �
Z�E X �H�d� Z , so Ò �à�H� Ñ �� ; maximumnumber

of targetsequals  ; varianceof Gaussiannoisefor velocities, n mÁ � � ��x ; probability of retainingthe
samedirection, ) � � �#��ï ; probabilityof detectinga target,

� n � � �½� ; varianceof Gaussiannoisefor
observations,n m� � ��� ; meanof Poissondistribution for theamountof clutter,

p ��x � .
4.5.2 Interacti veParticle Filter

Notethatequations(4.1)and(4.2)containanintegral,whosecomputationrequiresa lot of effort. To
dealwith this problem,a sequentialMonteCarlomethodcanbeused.Oneof thesemethodsleadsto
theInteractiveParticleFilter. At eachtime step

¿
, thePHD is representedas

` % * %
² ( o+� é % ì ´ � q % * %t

|
°sr ¡
S\� �]�� ] ² ( ´ �

where
÷ °% * % aresimulatedrandomsamples,alsonamedparticles.Initially,

÷ °Ó * Ó arei.i.d randomsamples
uniformly distributedin X�� � � ´ ¦ ² X � Ñ � � Ò

Z�E X Ò � Ñ Z¼´ . Thenumberof particles,t , hasto besufficiently
large,so for thepresentedmodel t ��ú ����� wasused.Theinitial numberof targetscanberegarded
asa randomvariable

Ï
suchthat

¿ ��x��i�i����� q , where q is themaximumnumberof targets.Thus,
theinitial massof thesystemcanbecomputedastheexpectedvalueof

Ï
, i.e. q Ó * Ó � p�X Ï�Z . For the

presentedmodel q Ó * Ó ���H�#ú .
Themotionupdateis doneby settingq % ç ¡�* % � q % * % andmoving each

÷ °% * % accordingto themotion
of thetargets,i.e.

÷ °% ç ¡�* % �
÷ °% * %

� � % . Theobservationupdateis morecomplicated.First, thefollowing
integral shouldbecomputed

Ë ² ò ´ � V ² ò o ( ´ ` % ç ¡�* %
² ( o+� é % ì ´ � ( � q % ç ¡�* %t

|
°wr ¡ V

² ò o ÷ °% ç ¡�* %
´ �

Then,thetotalmassis

q % ç ¡�* % ç ¡ � ` % ç ¡�* % ç ¡
² ( o+� é % ç ¡ ì ´ � ( � j ^Nk ]ml ¨

� n Ë ² ò ´p
% ç ¡ ~ % ç ¡ �

� n Ë ² ò ´
� ² x �

� n ´ q % ç ¡�* % �

Thenext stepis computingweights

¡ °% ç ¡�* % ç ¡ � j ^Nk ]ml ¨

� n V ² ò o ÷ °% ç ¡�* %
´

p
% ç ¡ ~ % ç ¡ �

� n Ë ² ò ´
� ² x �

� n ´ q % ç ¡�* % �

Theseweightsareusedto resampletheparticlesusingthefollowing rule

�=² ÷ °% ç ¡�* % ç ¡ �
÷ �
% ç ¡�* %

´ � ¡ �% ç ¡�* % ç ¡
|¤�r ¡ ¡ ¤% ç ¡�* % ç ¡

�

Therefore,particleswith smallerweightsshouldeventuallydisappear. Theparticlefilter aswell asthe
EM algorithmwasimplementedusingtheMatlabsoftwarepackage.Thecodefor themainroutinesis
givenin theAppendix,andresultsof thecomputationsarepresentedbelow.



4.5. NUMERICAL SIMULATION 69

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

90

100

Track

T
im

e

Targets with clutter

Figure4.3: Motion of two targets.
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Figure4.4: Trackingof two targets.

4.5.3 Results

First, the work of the Interactive Particle Filter is presented.In Figure4.3, observationsareshown;
trajectoriesof targetsare indicatedby dots, while clutter is marked by crosses.The output of the
particle filter is illustratedin Figure 4.4. Note how particleseventually clusteraroundthe targets.
Takinginto accountarelatively smallnumberof particles,thePHDgivesagoodresult.Anotherproof
of theefficiency of thePHD is thegraphof thetotal massof thesystem,shown in Figure4.5. Notice
thattheestimationof thenumberof targetsis quiteaccurate,since,althoughthegraphoscillateswildly,
theaverageis alwayscloseto � , which is theactualnumberof targets.

The EM algorithmturnsout to be very sensitive to the outputof the PHD. In general,it works
well whentrajectoriesof targetsdo not intersectanddo not crosstheboundaries.This caseis shown
in Figure4.6. Thedifficultiesarisewhenthetrajectoriesintersector crosstheboundaries,thereason
beinga ‘bad’ outputof thePHD.

The first caseis illustratedin Figure4.7. Notehow the inaccurateestimationoccursat thepoint
of intersection.Theoutputof theparticlefilter for this caseis shown in Figure4.8,andin Figure4.9,
the approximationof the PHD asan unnormalizeddensityfunction is presented.While the former
figureshowsnopossibleobstructionto stateestimation,thelaterfigureclarifiesthepoorperformance
of theEM algorithm.As thetimedrawscloseto thetimeof intersection,thedensityfunctionhasonly
onelocal maximum,a situationwhich makesidentificationof two targetsvery difficult for the EM
algorithm.

Figures4.10,4.11,and4.12illustratethetargets’statesestimation,theoutputof theparticlefilter,
andtheunnormalizeddensityfunction,respectively, for trajectorieswhichcrosstheboundaries.Notice
thatthedensityfunctionhasthreelocalmaximathatcausetheEM algorithmto fail. In all cases,when
theparticlesarenotclusteredwell aroundthetargets,theestimationis notaccurate.
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Figure4.5: Total massof the system
with two targets.
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Figure4.6: Stateestimationwhentar-
gets’ trajectoriesdo not intersectand
donot crosstheboundaries.‘Dots’ de-
note exact positions,‘crosses’denote
estimations.
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Figure4.7: Stateestimationwhentar-
gets’ trajectoriesintersect. ‘Dots’ de-
note exact positions,‘crosses’denote
estimations.
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Figure 4.8: Tracking of two targets
whentheir trajectoriesintersect.
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Figure4.9: Approximationof thePHD asanunnormalizeddensityfunctionfor timescloseto theintersection
time.
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Figure 4.10: Stateestimationwhen
targets’ trajectoriescross the bound-
aries. ‘Dots’ denoteexact positions,
‘crosses’denoteestimations.
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Figure4.11: Trackingof two targets
whenonecrossestheboundary.
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t=30 t=33

t=36 t=39

Figure4.12: Approximationof thePHD asanunnormalizeddensityfunction for timescloseto thecrossing
time.

4.6 Conclusion

In this paper, a new methodfor targets’ statesestimationwasproposedasa part of a solutionto the
problemof trackingandidentifying multiple targets. The recentlyproposedProbabilityHypothesis
Density(PHD) wasusedto trackmultiple targetswhenobservationsaregatheredfrom multiple sen-
sors.This new methodfor estimatingtargets’ statesis basedon theassumptionthat thePHD canbe
representedasa mixture of Gaussiandensitieswith unknown meansandcovariancematrices. The
numberof Gaussiandensitiesin this mixtureis theexpectednumberof targets.Usingthis representa-
tion, thelikelihoodfunctioncanbeconstructed,andmaximizationof thelikelihoodgivesthevaluesof
themeans(for theGaussiandensities)thatcanserve asestimatesfor thetargets’states.To maximize
the likelihood,theExpectation-Maximization(EM) algorithmwasemployed. Beingwidely usedfor
the mixture-densityparameterestimationproblem,the EM algorithmis particularlyattractive when
the mixture is Gaussian,sinceanalyticalexpressionsfor the expectationstepcanbe derived in this
case.

Theproposedmethodwastestedon a simpleracingcarmodel. Theresultsof this simplemodel
providedexamplesof specificcasesin whichthetargets’statesfail to beresolved.Estimationsarepoor
in caseswheretargets’ trajectorieseitherintersect,getvery closeto eachotheror crosstheboundary.
This failure is dueto the fact that the EM algorithmis highly sensitive to theoutputof the PHD. In
thecasewheretargetsarecloseto eachother, theunnormalizeddensityfunction(ie., theoutputof the
PHD) collapsesto a singlepeak,makingit impossiblefor theEM algorithmto resolvemorethanone
target’s state.In a similar fashion,whena targetcrossestheboundary, anadditionallocal maximum
of the unnormalizeddensity function comesinto existence,which againobstructsthe work of the
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EM algorithm. Additional analysisof the couplingbetweenthe PHD andtargets’ statesestimation
algorithmshouldbedonein orderto overcometheseobstacles.

4.7 Futur eWork

Thereare a numberof possibleways of extendingthe work that hasbeenpresentedin this paper.
Updatingthemotionmodelis asimpleway to eliminatetheboundaryconditionsthatcauseproblems
with estimatingthe targets’ states.This would eliminateoneof two waysthat the stateestimation
algorithmcanfail. Aside from this extensionto the motion model, therehasbeensomeinterestin
comparingvariousstateestimationmethodsandtestingthewaysin whichthosemethodsinteractwith
thePHD.In addition,furtherexplorationremainsto bemadeof thePHD.

Updatingthemotionmodelis a relatively simpleway to overcometheproblemposedby theextra
maximumsof the unnormalizeddensityfunction that appearwhen targetscrossthe boundaries.A
variantof the racingcar problem,which eliminatesthe looping at the endpoints,could be usedto
confirmthat theEM algorithmresolvesthetargets’statescorrectlywhenthestatesarenot neareach
other. Trackingfailuresof theEM algorithmdueto the cyclic boundaryconditionsarepresentedin
theResultssectionandillustratedin Figures(4.7)and(4.10).

Thereareothermethodsof estimatingthetargets’stateswhicharenotdiscussedin thismanuscript
andwhich canserve to extendthis preliminaryresearch.The mostcommonof theseis the Nearest
NeighbourClusteringmethod,which wasbriefly mentionedin the StateEstimationandtheEM Al-
gorithmsection.However, therearealsomoremodernapproaches,suchastheCheesemanClustering
andtheFourier/Waveletbasedmetricminimizationmethods.A carefulandunbiasedcomparisonof
thesecompetingmethodswouldbeof interestto trackingpractitionersin bothindustryandacademia.

4.8 Appendix

Thefollowing codeis themainroutinethatis usedto trackandestimatethetargets’state.

%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% Main Script
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

clear; % clear all variables
global N; % number of particles
global M; % number of targets
global PD; % probability of detecting a target
global ClM; % mean for Poisson distribution; used to generate clutter

% assigning values to the global variables
ClM=5;
PD=1;
N=5000;

M=floor(5*rand)+1; % the number of targets
Tar=init_states(M); % getting initial positions of the targets
[Mk,Xk]=init; % getting particles and guessing the number of targets
TS = 100; % number of time steps

MM=zeros(1,TS); % array for storing the mass of the system at each time step
XX=zeros(N,TS); % two dimensional array for storing particles at each time step
TT=zeros(M,TS); % two dimensional array for storing targets’ states at each time step
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stop_flag=-1; % a stopping flag

for t=1:TS
Tar=move(Tar); % moving targets
Obs=observe(Tar); % observing targets
[Mk,Xk]=update1(Mk,Xk); % updating mass and particles, k|k -> k+1|k
[Mk,Xk]=update2(Mk,Xk,Obs); % updating mass and particles, k+1|k -> k+1|k+1
MM(t)=Mk; % saving the mass of the system
XX(:,t)=Xk(1,:)’; % saving particles
TT(:,t)=Tar(1,:)’; % saving targets

% EM is applied only after the 6th time step; this ‘if’ statement provides initial guess
if(t==6)

Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed when mass varied
[a,m,d]=get_init_guess1d(Me); % initial guess for EM algorithm

% this was written to handle the case when the mass changes
elseif(t>6)

Me=round(mean(MM(1:t))); % system mass is estimated as an average value of the previous masses
Mo=round(mean(MM(1:t-1))); % old estimation for the mass of the system
Me=2; % we fixed the mass, estimation failed when mass varied
Mo=2; % we fixed the mass, estimation failed when mass varied

% ‘if’ statement below will never be called, since we keep Mo and Me equal to 2
% it was written to handle the case when the mass of the system changes

if(Me<Mo) % if mass becomes less we eliminate elements from a,m,d
ind=1:length(a); % getting indices for the array a
[s1,s2]=sort(a); % sorting a
keep=setdiff(ind,s2(Mo-Me)); % getting indices for the elements that will be kept
a=a(keep); % updating a
a=a/sum(a); % sum of the elements of a should be 1
m=m(:,keep); % updating m
d=d(:,keep); % updating d

elseif (Me>Mo) % if mass becomes greater
[mv,mi]=max(a); % find the maximum element of array a
a=a([1:Mo mi*ones(1,Me-Mo)]); % resampling this elements
a=a/sum(a); % sum of the elements of a should be 1
m(:,Mo+1:Me)=m(:,mi*ones(1,Me-Mo)); % resampling the corresponding element of m
d(:,Mo+1:Me)=d(:,mi*ones(1,Me-Mo)); % resampling the corresponding element of d

end;
end;

% EM is applied only after the 6th time step
if(t>=6)

[a,m,d]=get_it1d(a,m,d,Xk(1,:)); % applying EM
RES(1,1:M,t)=Tar(1,:); % saving targets’ positions
RES(2,1:Me,t)=m; % saving estimated targets’ positions

end;
end;

Next, thefunctionsimplementingthemotionandobservationmodelsarepresented.

function y=move(x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% implements the following motion model:
% X_k+1=X_k+V_k
% V_k+1=(V_k+N(0,0.1))*(2B(p)-1)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% x is a collection of two dimensional vectors (X_k,V_k) represented as a 2xN matrix

N=size(x); % size of x
N=N(2); % number of vectors
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y(1,:)=x(1,:)+x(2,:); % updating position
y(2,:)=(x(2,:)+0.1*randn(1,N)).*(2*(rand(1,N )>0.02) -1); % updating velocity; here p=0.02

% we have wrapping boundary condition, i.e. 100=0
y(1,:)=y(1,:)-100*(y(1,:)>=100)+100*(y(1,:)< 0);

function y=observe(T)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% implements the following observation model:
% X_o=X+N(0,3)
% plus clutter
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% T is a set of targets represented as a 2xM matrix

global PD; % probability of detecting a target
n=size(T); % size of T
n=n(2); % number of targets
Pd=(rand(1,n)>(1-PD)); % Pd indicates what targets are observed
cl=clutter; % generating clutter
cn=length(cl); % number of clutter points
ot=sum(Pd); % number of observed targets
y=zeros(1,cn+ot); % number of observations (clutter+observed targets)
y(1:cn)=cl; % storing clutter

% making sure we observe at least one target
if(ot˜=0) % storing observed targets

y(cn+1:cn+ot)=T(1,find(Pd>0))+3*randn(1,ot );
end;

Thefollowing functionsimplementthemotionandobservationupdatesteps.

function [M,X]=update1(m,x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% first update
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
M=m; % mass remains the same
X=move(x); % particles move according to the motion mod

function [M,X]=update2(m,x,Z)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% second update
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% m is the mass of the system
% x contains particles
% Z contains observations

global N; % number of particles
global PD; % probability of detecting a target
global ClM; % mean for Poisson distribution; used for clutter
cc=ClM/100; % useful constant

Ii=I(Z,x(1,:),m); % computing integral
M=sum(Ii./(cc+Ii))+(1-PD)*m; % updating the mass of the system

% the following code generates weights used for particles resampling
tmp=zeros(length(Z),N);
for i=1:length(Z)

dif=min(Z(i)-x(1,:),100-Z(i)+x(1,:)); % accounting for wrapping boundary condition
tmp(i,:)=PD*normpdf(0,dif,3)/(cc+Ii(i)); % main part of the weights formula

end;

S=size(tmp);
% need to handle the case of one target separately
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if(S(1)>1)
w=sum(tmp)+(1-PD)*m;

else
w=tmp+(1-PD)*m;

end;

w=w/sum(w); % normalizing weights
reg=cumsum(w); % generating intervals of lengths corresponding to the weights
samp=rand(1,N); % just random numbers

% we use the following algorithm for resampling:
% if the k-th random number (from ‘samp’) hits the j-th interval (in ‘reg’)
% then new k-th particle is the old j-th particle
X=zeros(size(x));
for i=1:N

X(:,i)=x(:,bisearch(reg,samp(i))); % resampling
end;

function m=bisearch(x,x0)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% binary search
% searching for the element of array x that is the closest to x0
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

N=length(x); % length of x
flag=1; % useful variable
l=1; r=N; % initially, left position is 1 and right position is N

while(l<=r & flag==1)
m=floor((r+l)/2); % computing the middle point
if(x(m)==x0) % if we find x0 exactly

flag=0; % stop the loop
elseif (x0 < x(m)) % if x0 lies in the left half

r=m-1; % update the right position
else

l=m+1; % update the left position
end;

end;

if(flag==1) % a little adjustment
m=l;

end;

function y=I(z,x,m)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% computes integral
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

global N; % number of particles
global PD; % probability of detecting a target
y=zeros(size(z));

for i=1:length(z);
y(i)=sum(normpdf(z(i),x,3));

end;
y=PD*m*y/N;

Note,theabovegroupof functionsimplementstheparticlefilter. Herearefunctionsimplementingthe
EM algorithm.Thefirst is thefunctionthatcomputestheinitial guess.

function [a,m,d]=get_init_guess1d(M)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% provides initial guess for EM algorithm; 1-dimensional case
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% M - estimated number of targets
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

a=ones(1,M)/M; % each a_i is just 1/M
m=100*rand(1,M); % means are distributed uniformly; only position is estimated
d=5*ones(1,M); % variance is 5ˆ2

Thefollowing functionimplementsoneiterationof theEM algorithm.

function [a,m,d]=update1d(a_i, m_i, d_i, x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% updates values of a,m,d (1-dimensional case) using the corresponding formulae
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

N=length(x); % number of particles
Pm=P1(a_i, m_i, d_i, x); % computing P_l_i
Sp=sum(Pm’);
a=Sp/N; % computing a
mn=length(a_i);
m=zeros(1,mn);

% computing means
for L=1:mn

m(L) = dot(x,Pm(L,:))/Sp(L);
end;

d=zeros(size(d_i));

% computing variances
for L=1:mn

d(L)=dot(Pm(L,:),(x-m(L)).ˆ2)/Sp(L);
end;

And thelastfunctionimplementstheEM algorithmitself.

function [a,m,d]=get_it1d(a,m,d,x)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% computes optimal a,m,d (1-dimensional case)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

a_o=a;m_o=m;d_o=d; % storing old values
flag=1;
epsilon=0.0001;

% iterating while distance is greater than epsilon; flag is used only for the first step
while(dist(a,m,d,a_o,m_o,d_o)>epsilon | flag==1)

if flag==1
flag=0;

end;
a_o=a;m_o=m;d_o=d;
% updating values of a,m,d
[a,m,d]=update1d(a_o,m_o,d_o,x);

end;

function y=dist(a1,m1,d1,a2,m2,d2)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---
% distance function (it’s just a sum of norms)
%------------------------------------------- ------- ------ ------- ------- ------ ------- ------- ------- ---

y=norm(a1-a2)+norm(m1-m2)+norm(d1-d2);
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